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ON T H E  DYNAMICS OF GEOSTROPHIC WINDS.. 
By I-IXKOLD JEFFREYS, hl.A., D.Sc., F.K.S. 

lfteceived June 2'7-fteud December 16. 1926.1 

I .  Introduction. 
In an earlier paper' I defined a geostrophic wind as one such 

that the pressure terms in the equations of horizontal motion are 
balanced mainly by the terms that involve the earth's speed of 
rotation. All terrestrial winds of great horizontal extent belong to 
this class. The present paper is an attempt t o  determine what 
winds would be espected to arise on dynamical principles from 
certain distributions of temperature. I €  the level surfaces within 
the atmosphere were isothermal no  winds could exist ; but actually 
the air is heated in such a way as to produce appreciable differences 
of temperature ober the level surfaces, and accordingly winds are 
maintained. The actual distribution of temperature is here regarded 
as given, so that considerations as  t o  how the heat supplied from 
the sun is redistributed in the atmosphere by radiation, convection, 
and turbulence do not enter. It is found that such problems have 
an  intimate relation to the theory of the tides in a homogeneous 
incompressible ocean of uniform depth (different from that given 
by Margules). The depth of such an  ocean niust be rather less 
than the height of the homogeneous atmosphere. The  disturbing 
potential of the tidal theory is replaced by a function of the mean 
conditions over the iel-el surfaces and of the departures of the 
temperatures from mean \.dues o\ er level surfaces. The solution 
can be found by known methods when friction is .ignored. Fair  
quantitative agreement with observation is obtained when the theory 
is applied to  the monsoons; application to  the diurnal and semi- 
diurnal motions would probably be possible, but has not been carried 
out  here. The nature of the general circulation, in the absence of 
friction, has been determined, but is such that friction would intro- 
duce serious modifications. A discussion of the nature of them 
modifications is given, and indicates the dynamical necessity fo r  a 
permanent region of low pressure around each pole, with a continual 
interchange of air between high and low latitudes by means of 
cyclones. These must apparently, if they are to produce the re- 
quired effect, have a structure not unlike that described by Bjerknes. 
It appears, however, that  friction must play the most important 
part in producing them in the first place. 

2.  The analogy between t?dee and large-ecale motions of the 

I t  was shown in the paper already mentioned that  the equations 
of motion of the atmosphere can be written, with much greater 
accuracy than is ever required, in the form 

atmosphere.  

See note in reference to this paper on p. 126. 
1 " On the Dynamics of Wind," Q.J.R.&fcteor.Soc. ,  48, 1922, pp. 23-47. 
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aP o.= - g p  - 

In these equations p is the density, 0 the co-latitude, cp the 
east longitude, z the height above sea-level and t the time ; Q denotes 
the pressure, u the velocity southwards, u eastwards and IC upwards; 
R is the radius of curvature of the meridian at  sea-level, anti m the 
distance of the particle considered from the axis of the earth;. g 
is the acceleration due to gravity, and w the earth's angular velocity 
of rotation; F and G are the southward and eastward components 
of frictional force per unit volume. 

In ii state of equilibrium the pressure and density must be 
constant over a set of surf:ices which, with sufficient accuracy, may 
be identified in a shallow atmosphere such as ours with the surfaces 
of uniform height above sen-level. Let the suffix zero attached to 
any quantity indicate that the value of that quantity a t  the same 
position in the equilibrium state is meant, and let an accent indicate 
the departure from the ecluilibrium value ; thus, for instance. 

Evidently p" antl po are functions of B alone, while (3) give3 
p = p o + p ' ;  p.=po+p' . * (4) 

The equatioo of continuity is 

The  pressure and thc clensity tend to zero at  a great height ; hence 
(3) gives 

p =  J>pcia . * (7) 

In this equation, and in others with infinity as  the upper limit, it 
is legitimate to ignore the variation of gravity with height; for 
the density falls off with height so rapidly that where the value of 
gravity differs appreciably from its value a t  sea level the density is 
so small that only a negligible contribution is made to the integral. 

If now we consider only small deviations from rest relative t o  
the rotating earth, it, v ,  w and p' are all small, and w e  may neglect 
their squares and products. Thus d / d t  can be replaced everywhere 
by apt,  and pu, pu, pw by poi&, pov,  p,zi.. 

Let us now integrate (6) from sea-level up to a great height. 
Subject t o  the approximations just made, the first term gives, by ( T ) ,  

-- * *. where p ,  is the pressure a t  sea-level. The  last term gives 

simply the difference between the  values of pw a t  sea-level and a 
great height. Both of these are zero; that  at sea level because 'w 
is there zero, and that a t  a great height because if it were finite 
it would imply a loss of matter from the earth at the top of the 

g bt 

atmosphere. If then we denote 
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the equation becomes 

Similarly we may integrate (I) and ( 2 )  with regard to the 

height. If we write P for 

bU I aP = 
* (9) - - - - - z Z w ~ c o s ~ = -  

at +JpiE . 

height. If we write P for 
ArT - x n  

U G  1, uv J&E . * (9) 

Evidently the integrals that constitute the last terms of these 
equations represent the total frictional force acting on a column 
of air of unit horizontal section. There being no friction at the 
top of the atmosphere, these integrals depend only on the skin 
friction over the ground and on the shearing stresses across 
vertical planes. 

Suppose now that 
p = 12 ' p  T * (11) 

where R' is a constant. In  an atmasphere consisting of a perfect 
gas  of uniform composition T would be the absolute temperature; 
but in the actual atmosphere T will differ somewhat from the 
absolute temperature, on :mount of variations from place t o  place 
in conipodion, and especially in humidity. I t  will he called the 
virtual temperature. W-c have from (3) 

whence 

We can now obtain a relation between the time-variations of 
P and p.. Any change of the distribution of piessure in the column 
of air over a place can be su!pposed carried out  in two stages. First, 
new air can be added t o  the column at  every height in such a way 
as to change p ,  to the appropriate new value, without change of 
temperature at any height. We see from (13) that. this wiIf change 
the pressure at  all heights in the same ratio. Thus, at a definite 
height 5 ,  p will be increased by p's p,JpE0, to the first order. Next, 
let the air a t  all heights be heated or cooled to the new 
temperatures. the changes of temperature by hypothesis being small, 
without any horizontal outflow taking place, so that p .  is not altered. 
Then, since the absence of outflow ensures that the column of air 
retains the original cross section, the height of any element ds 
becomes TdzlT,, and therefore the air at height z is  lifted a distance ps. Thus a layer of air of this thickness, which was formerly 

below the level z ,  is now above that level, and i ts  weight, by (3), 
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must now be balanced by the pressure a t  z .  

z is increascd by ypo 

Thus the pressure a t  

T’dz.  In all, therefore, 

Integrating with regard to  z ,  we obtain 

This may now be used to eliminate ap,/3t from (8). We find 

Now let us compzire bj), (1.0) mtl (16) with the equations 
occurring in the theory of slow tidal motions in an incompressible 
ocean of uniform depth. The latter are 

all 
- + 2 2 w U C O S 8 = -  at i! a(p ‘(<-j)+G, . 

1. 3 11 3u 
3t 1Zm 38 rn aP 
” 5 .  - --(mu)+ - -=o 

Here j is the elevation of the free surf;ice, is the height of the 
equilibrium tide, P, and G‘, are the components of the friction:\l force 
per unit volume, averaged through the depth, 11 is the depth of the 
ocean, and the other symbols have memings analogous to  those 
they bear in the meteorological problem. 

R’e see a t  once that, if U and V are to  correspond to u and v 
respectively, PI must correspond to y ( ( - I ) ,  I?, and G, with 

gs. 
is  complete. 

\Vith these substitutions the analogy between the two  problems 
If in the tidal problem we write 5’ for 3-5, P f  corre- 

If then the tidal problem is solved for the appropriate values 
of 5 and the frictional forces, the results can be adapted immediately 
to give the values of P ,  U and V in the meteorological problem, 
and then from (8) or ( IS )  we can find the variation of p.. Thus 
for every problem of the motion of the atmosphere produced by 
changes of temperature or composition over large regions of the 
earth’s surface there is a corresponding tidal problem, whose solu- 
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tion, if known, will enable u s  to infer that of the meteorological 
problem. 

In this discussion the actual distribution of virtual temperature 
is supposed to be among the data of the problem. The  same 
methods could be applied if we were given the rate of supply of 
heat to all parts of the atmosphere from outside, but then an extra 
differential equation would have to be included, expressing the condi- 
tions of heat transference. Since the distribution of temperature 
is better known than the theory of the transfer of heat in the atmos- 
phere, it seems better in the present state of knowledge to use the 
former as the starting point of the dynamical theory. I t  must be 
noticed, however, that in some of the free oscillations of the atmos- 
phere temperature changes will be produced by the pressure changes 
that occur, and these must be allowed for if  the theory is applied to 
such oscillations. 

The depth of the equivalent ocean is P, /P ,~ ,  which can be 
found roughly from the results of CV. H. Dines,? who has tabulated 
the pressure and density a t  intervals of I km. up to 2 0  km. above 

sea leiel a t  numerous stations. The value of p d z  from sea level 

up to ao km. has been found by means of the Gregory formula for 
single integration.3 ’The integral from 20 kni. up  to an indefinitely 
great height can be easily found; for 7’ i s  practically constant at 
these heights, except where the height is so great that the density 
is too small to affect the result, so that this integral can be calculated 
from the pressure and density at  20 km. as for an isothermal 
;ttmosphcre. 

i 

Its value is p2,’yp e v a h t e d  for 20 km. 
I he results are as follows. All are annual means. I .  

P f l b  H 
England S.E. . . .  1014 7033 353 7386 7.28 8.24 
Equator ... ... 1012 7287 314 ibor 7.51 8.78 

:U1 pressures are in millibars and all heights in kilonietres. 
The probable error of z’, given p., does not exceed 4 units. The  
last  column gives the height of the homogeneous atmosphere, 
cihculated as p./gp.. I t  is seen that the depth of the equivalent 
m e a n  is less variable than that of the homogeneous atmosphere, 
;tnd distinctly smaller. In an atmosphere at rest both would of 
course be constant. In  investigating the theory of atmospheric 
motions mean values over the surface of the earth are really required, 
but since these are not available, and since the error will in any 
case be of the second order, it will be assumed in what follows that 
the depth of the equivalent Ocean i s  7.30 km. 

3 .  Periodic cind steady motions without friction. 
The above theorem finds an  immediate application when the 

temperature disturbances a re  periodic functions of the  time or 
expressible as sums of such functions and friction is ignored. The 
2 “ The Characteristics of the Free Atmosphcre,” Meteor. Ofice, Geophys. 

3 Whittaker and Robinson, CaZculus of Obrzruations. 1924, p. 143. 
Mem. No. 13, xgxg, p. $3. 
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analogous tidal problem can in any such case be solved completely 
by known methods; either the method of Laplace or that of Hough 
may be used.‘ Thus every problem of this type may be regarded 
as soluble. 

Certain periodic motions of a gas  covering a rotating spheroid 
have been considered by M a r g ~ l e s , ~  who showed that they could be 
reduced to analogous tidal problems ; but blargules’s solutions are 
inapplicable t o  the atmosphere, an important boundary condition being 
incorrect in his work. He assumes that there is no  vertical motion 
in the atmosphere, which amounts to supposing the atmosphere 
enclosed within a rigid external boundary. To prevent vertical 
motion, variations of pressure over this boundary are necessary ; 
whereas the actual atmosphere is not in contact at the top with 
anything capable of exerting pressure. The  correct boundary condi- 
tion is that the atmosphere is under no stress from outside, which 
is what has  been assumed in the present paper. The theorem just 
proved differs from Margules’s result in two respects: I find that, 

if u and 17 are eliminated, p d z  satisfies the same differential 

equation as is satisfied by 5’ in the theory of the tides, whereas 
Margules finds that this equation is satisfied by p : and in my theory 
the depth of the equivalent ocean is P,/p, , ,  whereas in that of 
Margules it is the height of the homogeneous atmosphere psd/~~ps0. 
I t  may bc noted that P/pJ is the height of the centre of mass of r?. 

vertical column. 

1: 

3. I .  

A problem readily soluble by methods akin to those used in tidal 
theory is that of a periodic wind produced by local heating, so that the 
pressure changes within a certain region, small in area in comparison 
with an octant of the earth’s surface, are great in comparison with 
the changes elsewhere. In such a case we may ignore variations 
of 0 within the region affected and replace W C O S ~  by a constant 0. 
Let us suppose that all changes are proportional t o  e$, where 
is a constant, and take polar coordinates r and 9 in the earth’s 
surface,6 the origin being near the centre of the region considered. 
Then the equations 2 (9) and (10) transform in the usual way to 

The monsoons cintl x i t vL i l ( l r  winds 

- (2) 
I aP zf lU+iyV=- -  -- . 

where U and V are now the results of treating the radial and trans- 
verse velocities as in chapter 2.  

r 39 

Solving these we have 

- (3) 

- (4) v=-- 
4 Accounts of both methods, with references, nre given in Lamb’s Hydrodynamics. 
5 Wien, Siieber. Ak. Wiss-. 99 (iia), 1890, pp. 204-227; 181 (iia), 1892, pp. 597- 

8 In previous sections $ has been used to denote the longitude, but no confusion 
626, 102 @a), 1893. pp. 11-56, 13f~g-14~:. 

can arise. 
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At the same time 2 (16) transforms into 

iyp' +yh II; - : - (TU) - Td$ 1 =iyyJ! J& [ lzda . (5) 
0 

=iyQ . * (61 
say. Here h is the depth of the equivalent ocean. 
in this from (3) and (4), and cancelling the factor iy, we have 

Substituting 

Now Q can always be expressed a s  the sum of terms of the 
form 

where .-I and A are constants and n is a positive integer. Then 
(7) is satisfied by making Pt the sum of terms of the lorm 
B J ,  (Xr )  exp ( i y t  & itq). 

Qn = db, ( A T )  exp (iyt kin$) . . (8) 

For if PI is equal to a term of this form, 

Thus  the general solution is obt:iinetl, except in the special 
case when the coefficient of 13 in (10) vanishes; if such a case were 
to arise special treatment would be necessary. I t  is enough to 
notice at  present that the coefficient is essentially positive tvhen y 
is less than 2 9  ; thus the solution will succeed for all periods much 
exceeding a day. 

Returning now to 2 ( I S )  we have 
hp',=P'- Q 

T w o  extreme cases evidently arise, according as the second term 
in t h e  denominator is large or small. If the horizontal extent of the 
disturbance is very great, so that A is very small, we see that 
hpt . /Q is very small. Thus temperature disturbances over a very 
large region give rise to small changes of surface pressure. The  
horizontal extent being great, the pressure gradients are small for 
two reasons, and therefore there a re  only slight winds at sea level. 
If, however, the horizontal extent is small, and thus A great, E"/Q 
is small, and we have approximately 

- (12) p' - - s- Q/lL . 
Consider now the critical value of X that makes (@" - ya)/ghh2 

equal to unity. 
a= j x IO-'/I sec. ; g=981 crn.2/sec. ; h=7.3 x 1o6 cm., 

while for all motions of long period y3 is very small compared with 
40%. Thus  

I f  the latitude is 45', we have approximately 

- (13) gh -- 4ix2-y2 -7.1 x 1olS cm.' . 
and the critical value of I/X is 2.7 x 10' cm. or z p o  km. 
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A direct comparison of the theory with observation is difficult, 
oii account of the permanent general circulation over the earth, 
which in most places overwhelms the changes due to periodic local 
heating. The only exceptions are Asia and, possibly, Antarctica. 
The extent of Asia along a central meridian, omitting the projec- 
tions of southern India and Indo-China, amounts to 55" of latitude, 
or about 6ooo km. Thus it is comparable with the size above found 
to  be critical; further, it is so large that the \x i a t ions  of c o s e  
within the region affected will produce appreciable effects. As a 
first approximation let .us give t9 its mean value, about 4s0, and 
suppose that X lias just its critical value. Then p', should be equal 

The annual variation of temperature a t  great heights in Central 
If we make the simple assumption 

to - -Q/2h .  

Asia is unfortunately unknown. 
that it varies in the same ratio a t  a11 heights, we can write 

But 
1 -  l o  

since the integrated portion vanishes a t  both limits. 'I'hus 

Q = T: 1'" . (16) 

~ ~ = P o l P ,  * (17) 

f", 
But 

and we have simply 

Recent values of the annual bariations of temperature and 
pressure are given in Sir Napier Shaw's " The A i r  tirid I t 8  TVaya," 
Plates IV., V., XX., XXI. The range of temperature a t  sea-level 
in llongolia, about midway between Lakes Baikal and Balkash, is 
about ;j°F. from January to  July, the mean k i n g  about 40°F. 
The absolute zero of temperature being -4jg°F., we can take T,, 
as 49g0, and then by (18) the annilal range of pressure should be 
practically 75 mb. Thus the 
theory implies an annual \-ariation of pressure decidedly greater 
than is observed. The dift'erence is probably due to the tempera- 
ture a t  great heights varying in the course of the year to a smaller 
relative extent than the temperature a t  the surface. In the paper 
already quoted, Dines finds from Patterson's observations that in 
the stratosphere over Canada, where the conditions resemble those 
of Central Asia more closely than in any other place that we have 
dilta for, the annual temperature range is only about a quarter of 
what it is at the surface, and the phase is reversed. By a rough 
numerical calculation from Dines's figures, I find that if the annual 
variations a t  various heights in Canada and Central Asia were in 
proportion, t he  l-alue of Q would have to be multiplied by 0.55, 
and the annual pressure variation then becomes 41 millibars. This 
is near enough to the truth to warrant the hope that the principal 
factors of the problem have been taken into account. 

The actual range is about 30 mb. 
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The formula 2 (14) may be used to find the height where the 
annual pressure variation vanishes. Assuming 41 mb. for the 
annuzil range of pressure at sea level, and 0.15  for T'/Te at all 
heights, the vanishing of p' gives an  equation for z ,  which is satis- 
fied if z is 2.1 km. Thus the monsoon should be reversed in 
direction above this height. The layer where the annual variations 
of pressure and temperature are systematically opposite in sign is 
therefore comparati\:ely shallow. This result is not merely a result 
of the present theory, for it would follow equally if the pressures 
at various heights were calculated from the observed surface pres- 
sures. I know of n o  relevant data for upper air winds in Central 
Asia. The  reversal of the monsoon, it' it occurs a t  any height in 
India, does so a t  a much higher level; but the monsoon in India 
i s  subsidiary to the pressure changes in Central Asia. and cannot 
play a 1:trge part in producing them, o n  account of the small size 
of India compared with Asia a s  a whole. Further, Indian condi- 
tions are probably much affected by the mec1ianic:il obstruction to 
movement afforded by the Himalayas. 'I'he height found here is 
comparable with an estimate by G. C. Simpson' on the Antarctic 
Continent, which was 1.7 km. by calculation from the surface 
temperature and pressure, and less than 4 km. by observation ot' 
the smoke from Mt. Erebus. 

I h e  results of this section may be compared with those 
of an earlier paper,* in which the motions due to periodic tempera- 
ture changes in it homogeneous incompressible fluid layer were 
investigated. If we ignore the effect of friction, which was con- 
sidered in the paper mentioned but found to be small, the pressure 
variation on the ground in such an atmosphere is nearly zero for 
a large enough region, but for ;I small region it is - k ~ p ? ' ~ H ,  
where is the coefficient 'of volume expansion, 2" the variation of 
temperature, supposed the same a t  all heights, and H is the depth. 
Comparing this with the present discussion, we see that in a homo- 
geneous atmosphere the undisturbed pressure is g p o  (H - z ) ,  so that 
Po is + j p o H 3  and the depth of the equivalent ocean is & H .  Further, 

I. 3 . 1  I .  

by 3.' (6), 
&.= QgpoaT'Ha . * ( 1 )  

P I , , =  - gporzT'H . * (2) 

in the present conditions, so that in a small region we should have 
by 3.1 (11) 

just double what was found in the earlier paper. The discrepancy 
arises from the fact that  the results of the present paper have been 
derived essentially for an atmosphere of indefinite height, obeying 
Boyle's law, and cannot be applied directly to a homogeneous 
atmosphere of finite height. In a homogeneous atmosphere, indeed, 
2 (14) is replaced by 

p' = p', + gp,,n/ 0 !Pdz . (3) 
and on integrating with regard to the depth we have 

H a  
PI= ~ p ' ,  + qp,,aJ 0 0  S ~ l c ~ z t l z  . (4) 

7 Brit. . Ir t t .  Sxp .  Rept . .  1910-13, I ,  p. 136. 
Phil .  Map.,  3.1, + 1917, ++y.+jY. 
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The treatment of the equations of motian is as before, but we see 
from this equation that the depth of the equiulent  ocean is not 
P,,/pm as formerly defined, but H. The difference arises from the 
presence in z (14), for the actual atmosphere, of the factor p,/p,, 
which is a function of z ,  but which is replaced by unity for the 
homogeneous atmosphere. 

Reference may be made at  this stage to  a property of 
the extreme case of slow periodic motion, namely, steady motion. 
I t  is easy to prove that the inflow of air into a vertical column 
contains the factor y, and therefore is zero a t  all heights in a steady 
motion. Further, if the temperature distribution is steady no 
expansion is taking place within the column. Hence there is  no 
vertical motion anywhere. Yet in this case I" will still satisfy 3.1 (71, 
and there will be steady horizontal winds. IVhen the region affected 
is so large that differences of latitude within it must be taken into 
account, this result requires some modification ; but it remains 
exactly true (as is physically almost obvious) when the distribution 
of temperature and pressure is symmetrical about the axis of rota- 
tion. I t  appears desirable to point out this fact, since meteorologists 
liabitually speak of circulation in vertical planes as essential to the 
maintenance of atmospheric motion. Vertical motion is essential 
t o  the initiation of a pressure disturbance by heitting, but when the 
appropriate redistribution of pressure has tit ken place it can in 
many cases maintain itself permanently without vertical motion ; 
and indeed since the system here contemplated is a non-dissipative 
one and steady, the vertical motion must in those cases where it 
occurs absorb just as much energy as it renders available. In the 
actual atmosphere friction produces a loss of ener-9 and a drift of 
air across the isobars, which must lead to  a slow vertical motion; 
but friction and yertical motion alike are only secondary phenomena 
of atmospheric motion, appearing only after the primary agencies, 
namely rotation, density changes and acceleriition have done their 
work. 

3.12. 

3.2. T h e  General Circulation. 
Let us now apply the same methods to the theory of the general 

circulation. The whole distribution will be supposed symmetrical 
about the polar axis and not changing with the time. The notation 
of $ 2  is reintroduced. The  indeterminateness of such a prablem 
of slow steady motion' will be met by regarding the steady motion 
as the limit of a periodic motion when the period becomes very 
long. Jn these conditions V is independent of ~p, while 

and z (16) gives on cancelling a factor iy 

where 

9 Cj. Lamb, Hydrodytiamics, 5214. 
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In ( z )  we may now neglect the ellipticity of the earth, putting R 
equal t o  a , '  the mean radius of the  earth, and w equal to a sin 8. 
Then 

or, with the notations 
4w2a2 

! 

- = p  . 
9h 

For 3 given form of Q this equation can be solved by the 
methods applicable in tidal theory.'O In the present problem the 
mean annual temperature at sea-level increases fairly regularly from 
both poles to the equator, and thus a rough representation of the 
conditions will be obtained by taking 

where k is a positive constant. 
of p. 
other quantities involved, we have 

In what follows the adopted value of this important number will 
be 12. To solve the equation, then, we follow the  classical method 
and assume 

&= - kp2 - (8) 
Then P will be an even function 

Further, with h equal to 7.3 km., and known values for the 

p=12.1 * (9) 
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I t  is proved in works on tidal theory that the solution giving finite 
velocities at the poles satisfies 

Hence 
Lim N , = o  * (19) 

P P P P 
N,=- zn(an+1) =- 2 n ( z n + 1 ) ( z n + z )  (2n+3) (2n+4)(zn+5):20) x + r  r +  1 7  

n-t -P 

which holds for values of n>2. The resulting arithmetic gives 
I .  I , N,=- __ * 

9.85 ' 
I .  

I N,= - 6.gr I .  N , =  - , N,= - -- 
a .08 4.04 

Then (13), (14) and (15 )  give 
A , =  -@k ( x - N 2 ) . =  -2.71 k . (23) 

B='i , /p= - 0 . 2 2 5  k . - (23) 
Hence 

= - k  (2.71 p-  1.304r-'~+0-3~3p'-o.o~gtjtr' I dP' - 
u? d p  

' (24) 

+0.0004 p 1 3  - . . .) . - ( 2 5 )  

= - k ( o  .22j-1.oooo~~+0.677r-''-...) . - (26) 

* (27) 

+ 0 . ~ 5 0  puI - 0.0004 pl' . 
PI - k (0.225 + 0.677 IL' - 0.2 17 ,u' + 0.0404 -O.OOjO /A'" 

But 
hp',= P' - Q 

The last result is easily checked by means of the formula 

'The numerical results are as follows :- 
0.0 0.1 0.2 0.3 0.4 0.j 0.6 0.7 0.8 0.q r . 0  

- I O h p . I / k  12.2; 2.15 1.86 1.40 0.81 0.14 -0.57 -1.26 -1.00 -2.43 -2.80 

W e  notice that p', has a maximum at the poles, and diminishes 
steadily t o  a minimum at the equator. Accordingly there should 
be easterly prevailing winds at  every part of the earth's surface. 

To estimate Q, we may compare the results for England and 
the equator given by Dines in Table X. of the memoir quoted above. 
We have 

- (28) 
TI Q- lo ~ d p ( l z  

and on comparing the values of this quantity for England and the 
equator we find after a numerical integration that the difference is 
393 mb. km. Thus 
k is about 600 mb. km., and the corresponding difference of pressure 
between the poles and the equator is, by the table, 

The corresponding values of p are 0.8 and 0. 

The velocities of the corresponding winds are of order 
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4. The General Circulation (further discussion).  
The  strength of the prevailing winds of the globe, inferred from 

the above theory, is in rough agreement with observational know- 
ledge. But the occurrence of easterly winds everywhere is at 
variance with the facts. In the actual atmosphere there are belts 
of high pressure about latitude 30°, while the pressure diminishes 
systematically from these belts towards both poles, apart from 
irregularities attributable t o  the distribution of land. Between the 
belts of high pressure the prevailing winds are easterly ; outside 
them they are westerly or south-westerly. The only neglected factor 
that could conceivably so alter the results is friction; and indeed 
it is easily seen that friction would prevent the persistence of such 
a motion as has just been investigated. For surface friction against 
a wind from the east is a force tending to  push it back towards the 
east. Since we are considering velocities from west to east as  
positive, this amounts t o  increasing the angular momentum of the 
atmosphere. The  process can stop only when the easterly winds 
at  the surface have been annulled, or when westerly winds have been 
produced to such an extent that friction against them just balances 
the effect of friction against the easterly winds. The order of 
magnitude of the time needed for such a change is easily found. 
With surface winds of 4 m/s, the surface friction is about 
0 .5  dyne/cm.a. The momentum of a column of air, I cm. in cross 
section, extending the whole height of the atmosphere, moving 
with velocity 4 m/s, is  4 x  10' gm. cm./sec. Thus  the surface 
velocities would be annulled by friction in about 8 x 10' sec., or 
10 days, if no  other change occurred. Further, mere symmetrical 
heating would not regenerate them ; it is inevitable that friction 
must on the whole push the atmosphere as much eastwards a s  
westwards. 

For the motion of the atmosphere to be steady, the angular 
momentum about the axis of the air between any two parallels of 
latitude must be steady. But the existence of any systematic general 
circulation implies by definition that the mean velocity is in much 
the same direction all round a parallel of latitude, and therefore 
that the surface friction on the air between two parallels is 
systematically either increasing or reducing its angular momentum. 
This effect must be balanced in some way to  keep the motion steady. 
Ordinary viscositv is inadequate, and the only alternative is the 
interchange of air with other parts of the atmosphere; that is, 
convection (in the literal meaning of the term). Let us consider 
then the southward convection of angular momentum across a 
parallel of latitude. The distance from the axis is m +  a sin B for 
points in the same vertical line, and the angular momentum about 
the axis is therefore p (m+ a sin f3)a ( ~ + 6 )  per unit volume. The 
southward velocity being ?L,  the southward flux of angular 
momentum across the whole parallel, a t  any height, is 
za p @ + a  sin 0)' (w+ei)  wdz. But the total mass north of the 

' parallel considered cannot be varying systematically in one direction, 
and therefore 

I," 
["p (m+z sin 6) i idz=o . . 11: 
- 0  
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Let us  write 

j;p(m+z sint9)udz=q . * ( 2 )  

so that q is proportional to the rate of flow southwards at heights 
less than z .  Evidently q vanishes when a is  o or 00. The south- 
ward flow of angular momentum is then 

taken through the atmosphere. Integrating by parts, 

{ ( m + z  sin (,+ti) } d z  
J o  

remembering that 

This equation is exact. 
sufficient accuracy and neglect a in comparison with m. 

( m + a s i n O ) d = u  . * (5) 
Now we can put m equal t o  a sin t9 with 

Then 

With actual values, the terms inside the bracket are  respectively 
of order 4 x ro*, 4 x xo2, 4 x 10' cm./sec. The last is therefore very 
much the greatest. Thus approximately 

,Lp d u  iM= -22na q sin#-da . So aa (7) 

=27ra sin 8 pun sin e . uda ,  J,u 
giving on integrating by parts again, 

= 2 d  sinV ps utlz.  - (8) I: 
Let u s  now consider the moment of the frictional forces 

about the axis. The eastward frictional force per unit area is 
- K ~ ~ v ~  (~c,~+u,~)J, where K is the coefficient of skin friction, about 

0.002. Thus the eastward friction will produce forces on the air 
north of co-latitude 8,  whose moment about the axis will be 

- [Kp,a. (Zcu,s+ u8z) + dS . a sin e 

(us2 + usa)+ sin* ode . - (9) 

Here dS denotes an element of surface area. The  air north of 
co-latitude 6 is by hypothesis not gaining or losing angular 
momentum, SO that the gain by friction must just equal the loss by 
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convection to the  south. 
fore be equal. Hence 

The expressions (8) and (9) must there- 

- KajPlv,  (v: + u:)t sins ecEe= sin20 puuaa. . (10) 

I t  is easy to see that this equation cannot be satisfied if the 
pressure distribution is symmetrical about the axis and the winds 
geostrophic, even with the usual modification near the surface 
needed to  allow for friction. For u is in these conditions negligible 
except in the lowest kilometre, and there it is only about t v. Thus  
the ratio of the two sides is practically KU to a quarter of a kilometre, 
or 50 to I .  Allowance for the variation of sin 8 within the range af 
integration may reduce the ratio to 2 0  to I ,  but in any case there 
is obviously a serious discrepancy. I t  is evident, therefore, that  
such wind velocities as actually occur a t  the earth’s surface a re  
incompatible with a steady symmetrical distribution of pressure. 
The maintenance of the polar circulation against friction requires a 
greater supply of angular momentum from without than can be 
provided merely by the drift of air across the isobars produced by 
surface friction. 

Even if we abandon the restriction to symmetry, these con- 
siderations impose a severe restriction on the types of motion that 
are possible. The only change required is that u and v will involve 
$, and the above argument leads to the equation 

0 1: e 

instead of fro). If air moves to a large extent in directions deviating 
widely from the parallels of latitude, the products uu may become 
great enough tn satisfy this equation.” But we notice that, in 
the northern hemisphere for instance, air moving northwards cannot 
proceed far without acquiring a velocity from the west, and air 
moving southwards acquires a velocity from the east. Considering 
any interchange of air across a parallel of latitude, then uv must 
be negative both for the air moving north and for that moving south. 
This corresponds to the observed preponderance of south-westerly 
and north-easterly winds over those in the other two quadrants. 
Hence the expression on the right of (XI) is necessarily positive. 
But every factor in the expression on the left of (XI) is positive 
except wa. It  follows that us is preponderatingly positive within 
the region considered. This result is independent of the tempera- 
ture distribution. W e  have therefore the further result, which is 
easily seen to be applicable to  both hemispheres, that if there is 
any circulation of air in polar regions a t  all, this circulation can be 
maintained against friction only by interchange of air with regions 
in lower latitudes ; and that such interchange must always supply 
angular momentum in the positive sense to the polar regions, and 
therefore the circulation in polar regions must always be from west 
to east, whatever the temperature distribution may be. This is in 
agreement with what is observed in the southern hemisphere. The  
conditions in the northern hemisphere are more complicated on 
11 A t  this stage i t  becomes clrar that pwv has ah intimate rclation to the 

Reynolds shearing strc-ss pi i ’ r ‘ ,  
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account of the large land masses, but the region of low pressure 
over Greenland,” in both summer and winter, may be considered 
confirmatory, especially as it is a cold region and would therefore 
be a region of high pressure on the simple thermal theory without 
allowance for friction. 

Considering the matter quantitatively, we see that puvJz 

must be about 2 0  times as great as for  a symmetrical system with 
similar resultant velocities. If u and v are comparable, instead o€ 
u being about )v a s  was previously supposed, and if this remains 
true u p  t o  ;L height of about 5 km. instead of I km., the density being 
supposed uniform, the facts can be reconciled. Actually the density 
diminishes to some extent with height, and the height required will 
therefore need some increase to, say, 6 or  7 km. A further increase 
will be needed t o  allow for the fact that the correlation between u and 
v is incomplete, so that 71u is on an average less than the product 
of the standard deviations of 71 and II. ‘I’he polar circulation must 
therefore be maintained by streams of air whose depths are com- 
parable with the height of the homogeneous atmosphere. The 
depth, indeed, appears t o  be so great that the north-easterly and 
south-westerly streams cannot exist one above the other ; they must 
occur over different parts of the earth’s surface. The surface wind, 
then, must blow from nearly opposite directions over different parts 
of the same parallel of latitude; but this implies a corresponding 
variation of pressure along a parallel of latitude. 

Since the isobars must in any case be closed curves, this indi- 
cates a system of cyclones, whose heights must be comparable with 
those of the homogeneous atmosphere and the troposphere. This 
agrees with Dines’s result that the pressure anomalies in temperate 
region cyclones extend up t o  the tropopause, but the constitution 
of the cyclone as  fundamentally a combination of south-west and 
north-east winds appears t o  agree with the model of Bjerknes rather 
than with the symmetrical model or cnrlier writers; I think, how- 
ever, that the apparent difference is one of emphasis and method 
of approach rather than of fact. On the other hand, the sugges- 
tions that cyclones represent either an instability of the general 
circulation, or oscillations about a steady general circulation, 
appear t o  be incorrect. These suggestions agree in assuming that 
a steady general circulation is possible ; whereas it has been shown 
here that friction renders a steady general circulation impossible 
nb initio. Cyclones are then only the irregularities inevitable in 
any circulation when skin friction over the earth’s surface is taken 
into account.lJ 

The foregoing inferences rest on the postulate that there 
actually are prevailing winds on the earth’s surface comparable with 
those inferred from the theory of a circulation without friction. 
This is  a fact of observation, but it must be pointed out that  the 
theoretical reason for it is far from obvious. Imagine first an  
atmosphere with all the level surfaces isothermal and isobaric, so 
12 The Air  and i ts Ways. PIS. XX. and S X I .  
13 Exner, in the qecond edition of his Dynamisclre Meteordog ie ,  pp. 216-7, 

suggests that cycionas are an cswntinl component of the general circula- 
tion. His argument is quite different from that given herr, 

re 
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that there are no winds at  any height. Suppose now the tempera- 
tures adjusted very slowly until they reach their actual values, and 
then kept constant. The vertical expansion in the heated regions 
makes the pressure a t  a given height (other than zero) greater than 
in a cold region, on account of the extra mass of air above that 
height, and the pressure difference tends to push the air outwards. 
This tends to reduce the surface pressure in the heated regions and 
to increase it in the cooled regions, thus producing a system of 
easterly winds over the surface. Apart from friction, this process 
would ultimately produce a steady state, namely, that investigated 
in 53.2. 

But when friction is taken into account it is evident, by what 
has been already shown, that the c h p g e s  are not a t  an end a t  
this stage. Surface friction can arise only when winds have been 
developed on the surface, so that it would produce little effect until 
a circulation had been established by the above process. But when 
a circulation exists the effect of friction is to make the air drift 
across the isobars towards the low-pressure side, thus tending t o  
destroy any pressure differences that may exist. There is  no 
obvious reason why the process should not continue until the whole 
surface of the earth is a t  uniform pressure, with no surface winds 
at  all anywhere. The vertical distribution of temperature, however, 
would still depend on the latitude, and therefore there would still 
be winds in the upper air. The fact that we actually have winds 
on the ground indicates that such a state as  this could not be per- 
manent, and the reason for impermanence may probably be found 
in the -variation of the wind over horizontaI surfaces. This may 
well lead to horizontal eddies, or cyclones, giving rise to  the hori- 
zontal Xustausch of Defant,"' but the mechanism i s  not clear. 
Friction will presumably tend to make the total energy a minimum, 
but this again, if the friction were small and proportional to the 
velocity, would generate the motion of 3.2. I t  would perhaps be 
more natural to try to make the total energy a minimum, subject to 
the additional condition that the surface velocities must be such 
that the total angular momentum is undergoing no secular change ; 
but it is not easy to see how to apply such a method, since the 
energy of the cyclones themselves should appear in the total energy, 
and we lack a means of evaluating it. 

In any case, however, there must either be surface winds or 
no surface winds when the air is subject to differential heating. 
The latter alternative is not in accordance with observation, though 
not for any evident dynamical reason. Taking into account, how- 
ever, the observational fact that surface winds do  exist, it has  
been proved by pure dynamical theory that the only possible motion 
consists of westerly circulations around the poles, with a corre- 
sponding easterly circulation in middle latitudes or near the equator 
(the difference probably depending on the temperature distribution) 
and with a system of cyclones closely similar to those we know. 
No steady general circulation of the atmosphere, without cyclones, 
is dynamically possible when friction is taken into account. 
14 Geografiska Annaler, 1921, pp. 109-265; Met .  Zs., 39, 1922, 8-14. 
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DISCUSSION. 
Mr. L. F. RICHAKDSON said that Dr. Jeffreys had diswvered a very 

pretty analogy between a region iln the atmosphere where the tempra ture  
was higher than normal, and a region on the sea where the equilibrium 
height of the surface was lower than normal on account of the 
attraction by the sun and moon. The  analogy would be even prettier if 
equation (16) were multiplied through by some factor such as to make its 
terms of the same physical dimensions as the terms of the analogous 
equation (19). 

Colonel E. GOLD said they were all very much indebted to Dr. Jeffreys 
for turning his powerful analysis to these meteorological problems. A 
paper like this would need time to study before one could discuss it 
adequately. One of the things which appealed most to h im in i t  was on 
p. 100. I t  had always been one’s idea that  it was the anticyclones in the 
sub-tropical region which interfered with the regular trade winds, and  
that these anticyclones were due to the distribution of land and water. It 
was interesting to find from Dr. Jeffreys’s analysis that i t  does not matter 
whether we have land and water or a uniform distribution of water over 
the whole globe, there will be no belt of SE or NE trade winds extending 
continuously around the earth. He would like to ask Dr. Jeffreys to 
explain why, in equation (61, p. 91, it is fair to cancel out a factor which 
is going to be zero. Another point was that Dr. Jeffreys says he is using 
the word “ convection ” in the literal sense of the word. We all of us 
think we do that, but he was afraid we did not always mean what h e  
thought Dr. Jeffreys meant in his paper, that is, horizontal mass trans- 
ference on a large scale, such as that involved in the trade wind systems. 
H e  thought it would economise speech to  restrict the meaning of convection 
to transfer of heat by exchange of mass, the exchange proceeding in both 
directions simultaneously, and  the currents involved being of small cross- 
section : they might be numerous and  so extend over a wide area : they 
can certainly be horizon*tal as  well as vertical. Perhaps Dr. Jeffreys meant 
that he used the word in the ‘‘ lateral ” sense. Dr. Jeffreys neglects the 
variation of g with height. That  appears permissible in comparing pressure 
nt a given level, but the variation of g with height affects the absolute 
pressure at  10 km. by half a millibar. Dr. Jeffreys did not make clear in 
his paper that he makes a due allowance for the variation of gravity over 
the surface of the globe. N o  doubt he does so implicitly, but it might be 
worth while making it explicit. 

Mr. L. C .  W. BONACINA said that in reading the paper one or two 
points had worried him greatly. Dr. Jeffreys ,throughout seemed t o  imply 
that. the westerly circulation extended practically to the Poles with a definite 
centre of low pressure over the Poles, but observations showed that on the 
polar side of the 60th parallel in each hemisphere you again got prevailing 
east-wind. I t  is shown in the Antarctic and over the North Polar basin, 
the average pressure over the North Polar basin being not very much less 
than that in latitude 30°N. T h e  low pressure belt is along the  60th parallel. 
In the accounts of various explorers in Greenland, such as Nansen, Peary, 
and De Quervain, it  had been demonstrated tha t  over the interior of 
Greenland there existed a glacial anticyclone, as a result of the overflowing 
winds and  a very low temperature. T h e  relatively high pressures over the 
North Polar basin, Greenland and the Antarctic, may be very shallow, but 
they d o  point to a surface temperature effect. I t  therefore seemed b him 
(Mr. Bonacinn) that we must conclude that Dr. Jeffreys’s results would 
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~tpply to a uniform globe, that is to say, ;I globe divested of continentality, 
oceanity and  glaciation. In that wse Dr. Jeffreys’s africtional cyclones 
~ o u l d  nut bear much resemblance to our actual Bjerknesian systems, 
which depend upon contrasts of temperature which are themselves the 
effects of continentality, oceanity and glaciation: for if ‘there csisted an 
a n  entirely uniform globe, without continentality or monsoonal effects, the 
simple planetary circulation would be undisturbed, a n d  winds changing 
latitude would quickly adjust their temperatures. Another point which 
struck him was that Dr. Jeffreys spoke repeatedly of the permanent belt 
of low pressure in polar regions. H e  u-ould like to p i n t  out that the most 
intense anticyclones on the Earth’s surface occur not in the regian of high 
pressurc in latitude 30°N, but in the low pressure ‘belt, about &ON, where 
there are  frequently such intense cyclones. Even within the limits of 
Great Sritain, this principle could be seen; for whereas in Scotlnnd where 
very deep winter cyclones below 28.0 inches occur, there have been several 
instances of winter anticyclones over 31.0 inches; in England a sea-level 
pressurc of 31 inches had never quite k e n  recorded. 

H e  felt that those p i n t s  ought  to be brought out, &but the necessity 
for doing so did not lessen one’s admiration of Dr. Jeffreya’s masterly 
analysis. 

hlr. C .  S. Duasi referred to Dr. Jefireqs’s statenlent that from the 
analysis therc was no obvious reason for the existence of surface winds, 
and askcd if the release of energy due to  condensation of water v a p u r  in 
the equatorial belt might not be the explanation of their existence. 

Dr. JEFFRBYS, in reply to bls. &na&na, said that the circulation near 
the North Pole was very irregular. It \*as probably much affected by the 
large glaciated land masses ; if theae were sufliciently important they could 
make air  sweep across the pole to  such an extent that the systciiiatic 
circulation would be unnoticced. The outflowing winds over Greenland 
were net in themselves conclusive evidence of an anticyclone circulation ; 
they might be antitriptimc winds of small vertical and horizontal extcnt. 
Pilot balloon observations or accurate levelling across Greenland would be 
needed to decide the p i n t .  The  argument  from friction in the paper is 
independent of whether the globe is uniform or not;  but in any case, if it 
is shown that a steady circulation is impossible on a uniform globe, it hardly 
seems likely that the imposition of irregularities on the surface would 
make one possible. There is no antagonism behveen this theory and the 
Bjerknea view of the structure of the cyclone; the theory, indeed, goes far 
towards explaining why the Bjerlines structure is necessary. The intense 
anticyclones in temperate latitudes spoken of by Mr. Bonacina are part of 
the irregularities shown to be essential, not of the  mean distribution of 
pressure that gives the general circulation. 

In  reply to Colonel Gold’s question about the cancelling of the 
frequency, Dr. Jeffreys said that  in problems of tidal type without friction 
the analysis was always complicated by the possibility of free steady 
motions, which could not be said to be due to  the disturbing forces. If 
the disturbing forces were first supposed to have a finite period, it could 
be definitely said that the periodic solution was  due to  the disturbing 
forces. If then the period is made indefinitely great ,this pericdic solution 
tends to a definite limit, which can be said to  be Ithe motion due to  the 
disturbing forces. If a direct attack was made on the problem of ’the 
effect of a steady distribution of temperature it would be impossible to 
separate the true effect of the temperature from the motion due to 
aocidental initial conditions, but the device in the paper makes it possible. 
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With regard to the meaning of “ convection,” Dr. JefTreys thought 
it should cover all changes of the value of a n  element a t  a place due to the 
arrival of matter from somewhere else where that element is diffmmt. 
In rnetewological literature it was often restricted to the effects of vertical 
motion, but those of horizontal motion were often as important though less 
spectacular. Often, again, it was used to denote the whole motion of the 
air, and not merely this particular type of effect produced by the motion. 
He himself confessed to having used it in a case where this effect was 
justifiably entirely neglected; but he considered that the sense first defined 
was far the most useful and satisfactory. 

The allowance for the variation of g with height would be inappre- 
ciable. The motion arises from variations of temperature over the surfaces 
where U + $  ,,,2m2 is constant, and the variation of g only enters multiplied 
by these small quantities. 

With regard to Mr. Durst’s inquiry, there was no difficulty about 
the amount of energy available; the energy in the frictionless motion con- 
sidered was greater than in the actual motion. The problem was to explain 
how the energy abhined its actual distribution in the atmosphere. The 
effects of humidity could be treated by a slight adjustment of the 
tempera turP. 

PROCEEDINGS AT THE MEETINGS OF THE SOCIETY. 
November 18, 1925. 

At the Orditiary Meeting the following candidates were balloted for 
and elected Fellows of the Society:- 

ERNEST GEORGE BEILBY, Inverleith, Matale, Ceylon ; 
JAKOB BJERKXES, D.Ph., Varvarslingen pb Vestlandet, Bergen, 

LANCE HAROLD BROWNING, Flight-Lieut., R..A.F., 3 (F.) Squadron, 

EDGAR HAROLD BUTLER, 24, Westbury Road, New Southgate, N.II ; 
WILLIAM PATTERSON MCFERRAN, B.A., King Edward VI. Grammar 

ALAN CAMERON MACINTYRE, 174, Papanui Road, Christchurch, N.Z. ; 
hIrs. IRIS MACLULICH, Haslemere Hotel, Montpelier Road, Brighton ; 
HAROLD VICTOR MICHELL, Flying Officer, R.A.F., Air Headquarters, 

Major MYLES HERBERT ROFFEP, University, Hong Kong ; 
HENRY TREVOR ROLLER, 42, Clanricarde Gardens, W.z ; and 
JOHN WARDALE, 35, St. George’s Square, S.W.1. 

Norway ; 

Upavon, Wilts ; 

School, Retford, Notts ; 

Baghdad, Iraq ; 

Messrs. Ball, Baker, Ash & Co., Chartered Accountants, were 
appointed auditors of the Society’s accounts for ~ g z j .  

December 16, 1925. 
At an Ordinary Meeting the following candidate was balloted for 

VICTOR DUHY, King Edward VI?. School, Taiping, Federated 

The PRESIDENT announced that a loyal Address had been forwarded 
in the name of the Fellows to His Majesty the King on the  occasion of 
the death of Queen Alexandra, and a reply from the Secretary of State 
was read to the meeting. 

and elected a Fellow of the Society :- 

Malay States. 




